The effect of the collision term of the Boltzmann equation is discussed for the diagonal conductivity in the absence of magnetic field and the off-diagonal conductivity within the linear order of magnetic field. The consistency between the Boltzmann equation and the Fermiliquid theory is confirmed. The electron-electron interaction is totally taken into account via the self-energy of the electron. The Umklappness is taken into account as the geometrical factor. The currentvertex correction in the fluctuation-exchange (FLEX) approximation violates these conventional schemes.
Introduction
This Note is the Supplement to arXiv:1112.1513 and arXiv:1203.0127. In the section 6 of the former and the footnote 4 of the latter, the exact treatment of the collision term of the Boltzmann equation (BE) is discussed and its consistency with the Fermi-liquid theory (FLT) is commented. In this Note the comment is expanded to be traceable. Especially it is stressed that the electron-electron interaction is totally taken into account via the self-energy of the electron. The Umklappness 1 is taken into account as the geometrical factor. As a by-product it becomes clear how the fluctuationexchange (FLEX) approximation violates these conventional schemes 2 . Although the other Notes in the series are written to be self-contained, this Note skips the calculations to obtain the results cited.
Collision Term
The linearized Boltzmann equation 3 in static and uniform electromagnetic field 4 is
The collision term C p is given as
with τ −1
and 1
It is evident in (2) that the scattered-in term and the scattered-out term are the same interaction process 5 but with different directions. More direct 2 I have made other criticisms on the current-vertex correction in the FLEX approximation in arXiv:1204.5300 and arXiv:1301.5996. 3 As discussed in the section 5 in arXiv:1112.1513 the temperature gradient is incorporated by the substitution
and the effect of the collision term can be analyzed in the same manner as in this Note. See Pikulin, Hou and Beenakker: Phys. Rev. B 84, 035133 (2011). 4 The complication arising from inhomogeneity or time-dependence of electromagnetic field is beyond the scope of the series of Notes. See, for example, Kita: Prog. Theor. Phys. 123, 581 (2010) for more general case.
5 If the scattering is restricted on the Fermi sphere, all the scattering events are treated on equal footing completely and the collision term for the component g lm of spherical harmonics Y lm becomes
as (6.20) in [2] . This result strongly suggests that the effect of the interaction is essentially taken into account by the life-time and the other have only geometrical effects.
representation of this point is seen in the expression of the collision term in the quantum Boltzmann equation
as (8.293) in [3] . Namely, the effect of the interaction is totally expressed in terms of the self-energy Σ. The life-time τ p is determined by the imaginary part of the self-energy. Thus the current-vertex correction in the FLEX approximation seems to be out of control. It violates the scheme of BE where the collision term is expressed in terms of the self-energy. It also violates the scheme of FLT, because FLT and BE give the same result for the conductivity tensor as discussed in the following. The correct current-vertex correction should be expressed in terms of the self-energy.
Diagonal Conductivity
The linearized Boltzmann equation is solved exactly [4] as discussed in the section 6 of arXiv:1112.1513 and the conductivity tensor per spin is expressed as
with
The diagonal conductivity in the absence of magnetic field is obtained as
Diagrammatically (8) is expressed as Fig. 1 . This result of BE is consistent with that of FLT with k = 0 and ω = 0 seen in (24) of [5] with (27) and in (4.38) of [6] .
The expression (8) is not desirable, because it is not reduced into singleparticle quantities. Such a reduction is the scheme of BE and can be accomplished easily in the isotropic case as
Figure 1: The particle-hole pair in the left diagram, which represents the skeleton contribution to σ xx , results in τ p . The interaction between particlehole pair in the right diagram represents the infinite repetition of C pp ′ and results in the renormalization of τ p intoτ p . Every dot at the ends of the diagrams represents ev
whereτ p is a scalar. This result 6 of BE is consistent with that of FLT seen in (6.23) of [6] which takes into account the effect of Umklappness properly.
Here the electron-electron interaction is totally taken into account via the self-energy of the electron; v p is renormalized 7 by the real part of the selfenergy andτ p is determined 8 by the imaginary part of the self-energy. The symmetric form of (9) is expected from the vector character of the current vertex v x p ; the none-zero contribution after the p-summation comes from the pair of observed current ev p and the current ev p coupled to the electric field with the same momentum. In other words the cause and the effect are in the same direction in isotropic systems 9 . Perturbationally both currents should be ev p at the vertices of the observation and the coupling to the electric field. In terms of BE the electric current is given by ev p g p where the first order deviation of the distribution function g p is proportional to the strength of the perturbation ev p · A where E = −∂A/∂t. In any way the contribution to the conductivity σ xx is proportional to (ev
Even in anisotropic cases
10 the reduction can be accomplished symmet- 6 Such a symmetry in v x p is obvious in the memory-function formalism [7] . 7 Here the group velocity v p is determined by the renormalized band ε(p) of the quasiparticle as v p = ∂ε(p)/∂p. 8 We should evaluate an additional factor C p resulted from the Umklappness so that τ p = τ p /C p as seen in (6.23) of [6] . It should be noted that the effects of interaction and Umklappness are separable. The former determines the life-time τ p and the latter determines the factor C p which reflects the momentum-conservation with additional reciprocal lattice vectors.
9 Even for anisotropic case, using the orthonormal vector set based on the Fermi-surface harmonics [8] , it is concluded that σ xx is proportional to (ev rically with the help of the Fermi-surface harmonics [8] 11 as seen in (2.1) of [9] which also takes into account the effect of Umklappness properly.
On the other hand, the asymmetric expression
seen in (1.2) of [10] is misleading; it gives a wrong impression that there might be something in the current-vertex correction renormalizing v x p into J x p . I suspect that the current-vertex correction in the FLEX approximation [11] is driven by such a wrong impression. Although the vertex correction should be in harmony with the imaginary part of the single-particle selfenergy, that in the FLEX approximation is out of control.
Off-diagonal Conductivity
Combined with the discussion leading to (9), the solution of BE for σ xy in the section 6 of arXiv:1112.1513 is reduced into
within the linear order of magnetic field. Diagrammatically (11) is expressed as Fig. 2 . This result of BE is consistent with that of FLT 13 seen in (35) of [12] 14 . Within the linear response the collision term is evaluated in the absence of the external electromagnetic fields so that there is no new interaction effect by the introduction of the magnetic field. Namely, the introduction of the magnetic field is not a many-body problem but a single-body problem 15 as discussed in the next section.
11 On the basis of the Fermi-surface harmonics, all the elements in the theory are expressed as the polynomials of the velocity which is invariant under the transformation, p → p + K, with K being a reciprocal lattice vector. Thus it becomes clear that the Umklappness is nothing but the condition for the summation over p.
12 By introducing the expansion of J x p in terms of the Fermi-surface harmonics, it is shown that all the terms orthogonal to v x p do not contribute to σ xx in Maebashi and Fukuyama: J. Phys. Soc. Jpn. 66, 3577 (1997). 13 Since the current-vertex correction there is not reduced into the single-particle quantities, (1.7) in [10] is misleading as discussed in the previous section.
14 An important point stressed in this reference is the absence of the interaction renormalization in the Hall coefficient. 15 The effect of the Lorentz force on the single-body state is the problem. 2 . The right diagram contains the skeleton structure at its center and the interactions at both ends result in the renormalization of (τ p ) 2 into (τ p ) 2 . Only the most divergent contribution in terms of 1/τ p is taken into account in FLT and the skeleton structure is necessary for such a contribution. In each diagram the left-end and right-end dots represent ev This expression (11) 
If H = (0, 0, H), we obtain
This result of BE is consistent with that of FLT seen in (3.21) of [10] . Through this anti-symmetrization the derivatives ofτ p cancel out. 16 The same procedure is necessary to obtain a beautiful geometric formula ofσ xy in Ong: Phys. Rev. B 43, 193 (1991) where the element of the line-integral dl x l y obtained from σ xy is anti-symmetrized into (d l × l) z .
Coupling to Magnetic Field
The introduction of the magnetic field is discussed by various means. I will comment on three kinds of means in the following. All lead to the consistent result with BE 17 . It should be noted that the introduction of the magnetic field is a single-body problem.
(A) Vector Potential If we set A(x) = exp(ik · x) with a constant vector A, the magnetic field H is given by
in the limit of k → 0. For anisotropic systems the extraction of this factor from Feynman diagrams with full interaction is rather complicated task 18 as done in [10, 14] . However, it is sufficient to show the means in the case of the relaxation-time approximation, because the interaction effect beyond this approximation only leads to the renormalization of τ p as has been discussed in the previous section. This task 19 is a straightforward one. 17 In the derivation of BE via the Wigner function
the Lorentz force appears as seen in (4.78) of [13] . 18 This task can be circumvented by use of the Ward identity as discussed in Itoh: J. Phys. F 14, L89 (1984) .
19 For the extraction of the factor, (k 
where A-linear term comes from the propagator and k-linear term comes from the current, and the process (c) leads to
where k-linear term comes from the propagator and A-linear term comes from the current, for general anisotropic case when A = (A x , A y , 0) and k = (k x , k y , 0). These results are obtained by the same manner as in the isotropic case, arXiv:1203.0127, only by generalizing the electric current (8) there to
and lead to (18) in the next footnote times the magnetic field
The effect of the magnetic field appears as the phase factor of the electron propagator as G(r 1 , r 2 ) = exp ieΦ(r 1 , r 2 ) G(r 1 − r 2 ).
Namely, the interaction affects only translationally invariant propagator G(r 1 − r 2 ) and the phase Φ(r 1 , r 2 ) is determined geometrically. These two are separable and the propagator in the presence of the magnetic field G(r 1 , r 2 ) is the product of these. The calculation of the loop diagram which corresponds to the conductivity leads to the magnetic flux as discussed in [12, 15] .
(C) Cyclotron Motion
The magnetic field enters into the equation of motion as the cyclotron frequency asJ 
for isotropic case 20 where J is the center-of-mass current 21 . The calculation of the memory function 22 leads to the consistent result [16, 17] with (11).
Remarks
Finally it is stressed that the effect of the electron-electron interaction on the conductivity tensor is totally taken into account via the self-energy of the electron. 
21 The equation of motion for the center-of-mass current is independent of the interaction so that the factor v x (m 22 The scalar memory function is insufficient to construct a consistent transport theory. We have to use the matrix memory function as discussed in [7, 9] .
